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O ■ Abstract 

Non-trivial, consistent interactions of a free, massless tensor field 
Q^' ifiu\ap with the mixed symmetry of the Riemann tensor are studied 

1^ ■ in the following cases: self-couplings, cross-interactions with a Pauli- 

Fierz field and cross-couplings with purely matter theories. The main 
results, obtained from BRST cohomological techniques under the as- 
^ ■ sumptions on smoothness, locality, Lorentz covariance and Poincare 

invariance of the deformations, combined with the requirement that 
the interacting Lagrangian is at most second-order derivative, can be 
synthesized into: no consistent self-couplings exist, but a cosmological- 
like term; no cross-interactions with the Pauli-Fierz field can be added; 
no non-trivial consistent cross-couplings with the matter theories such 
that the matter fields gain gauge transformations are allowed. 
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1 Introduction 



Mixed symmetry type tensor fields 12 El IH El are involved in many physi- 
cally interesting theories, like superstrings, supergravities or supersymmetric 
high spin theories. The study of gauge theories with mixed symmetry type 
tensor fields revealed several issues, like the dual formulation of field theories 
of spin two or higher jHllZl El El UHl HI] , the impossibility of consistent cross- 
interactions in the dual formulation of linearized gravity or a Lagrangian 
first-order approach ^3 E] to some classes of free massless mixed symmetry 
type tensor gauge fields, suggestively resembling to the tetrad formahsm of 
General Relativity. One of the most important aspects related to this type 
of gauge models is the analysis of their consistent interactions, among them- 
selves, as well as with higher-spin gauge theories [121 CHI UZl UH UH] • The 
best approach to this matter is the cohomo logical one, based on the defor- 
mation of the solution to the master equation [201 • The aim of our paper 
is to investigate the manifestly covariant consistent interactions involving a 
single, free, massless tensor gauge field t^y\ap, with the mixed symmetry of 
the Riemann tensor, in three distinct situations: self-couplings, interactions 
with the massless spin-two field (described in the free limit by the Pauli-Fierz 
action [21]), and couplings with purely matter theories. 

Our procedure relies on the deformation of the solution to the master 
equation by means of local BRST cohomology. For each situation, we ini- 
tially determine the associated free antifield-BRST symmetry s, which splits 
as the sum between the Koszul-Tate differential and the exterior longitudinal 
derivative only, s = 5 + 7. Then, we solve the basic equations of the defor- 
mation procedure. Under the supplementary assumptions on smoothness, 
locality, Lorentz covariance and Poincare invariance of the deformations, as 
well as on the maximum derivative order of the interacting Lagrangian being 
equal to two, we prove the following no-go results: (i) the self-interactions 
of the tensor field with the mixed symmetry of the Riemann tensor do not 
modify either the original gauge algebra or the gauge transformations and, 
in fact, reduce to a cosmo logical-like term; (ii) there are no consistent cross- 
interactions between such a tensor field and the Pauli-Fierz model. Only 
the Pauli-Fierz theory leads to consistent self-interactions, described by the 
Einstein-Hilbert action with a cosmological term, invariant under diffeomor- 
phisms; (iii) there are no couplings with purely matter theories such that the 
matter fields become endowed with gauge transformations. 

The paper is organized in eight sections. Section |21 is dedicated to the 
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Lagrangian formulation of the free massless tensor gauge field with the mixed 
symmetry of the Riemann tensor, emphasizing its relationship with the gener- 
alized 3-differential complex. In Section El we construct the associated BRST 
symmetry and in Section |3] we briefly review the antifield-BRST deformation 
procedure. The following three sections represent the core of the paper and 
respectively address the problem of self-interactions, interactions with the 
Pauli-Fierz field, and couplings with purely matter fields. Section 8 ends the 
paper with the main conclusions. 

2 Free model 

2.1 Field equations and gauge transformations 

The starting point is given by the free Lagrangian action 

+ {dx') {d%,) - i {dx') m + 1 [dh) {d,t)^ , (1) 

in a Minkowski- flat spacetime of dimension D > 5, endowed with a metric 
tensor of 'mostly plus' signature af^u = o'^'^ = ( — !- + + + ■••)• The massless 
tensor field t^,/|a/3 of degree four has the mixed symmetry of the linearized 
Riemann tensor, and hence transforms according to an irreducible represen- 
tation of GL (DjM.), corresponding to a rectangular Young diagram (2,2) 
with two columns and two rows, so it is separately antisymmetric in the 
pairs {/i, z^} and {«,/?}, is symmetric under the interchange of these pairs 
({/i, z/} < — >• {a,P}), t^y\ai3 = tai3\fj,u, and satisfies the identity 

t[fiiy\a]l3 = (2) 

associated with the above diagram, which we will refer to as the Bianchi I 
identity. Here and in the sequel the symbol [/iz/ ■ ■ ■] denotes the operation 
of antisymmetrization with respect to the indices between brackets, without 
normalization factors. (For instance, the left-hand side of contains only 
three terms ti^u\a]i3 = tf,u\ai3 + tua\i,p + ta^l\up■) The notation t^p signifies the 
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simple trace of the original tensor field, which is symmetric t^jj = cy^"'t^y\cti3i 
while t denotes its double trace, which is a scalar, t = a^^t^p. A generating 
set of gauge transformations for the action reads as 

with the bosonic gauge parameters t^y\a transforming according to an irre- 
ducible representation of GL {D, M), corresponding to a Young diagram (2, 1) 
with two columns and two rows, being therefore antisymmetric in the pair 
{/X, u} and satisfying the identity 

(^[^iu\a] = 0. (4) 

The identity Q is required in order to ensure that the gauge transforma- 
tions check the same Bianchi I identity like the fields themselves, namely, 
6et[^i,\a]i3 = 0. The above generating set of gauge transformations is abelian 
and off-shell first-stage reducible since if we make the transformation 

with dp,u an arbitrary antisymmetric tensor {Q^^y = —9ufi), then the gauge 
transformations of the tensor field identically vanish, 5ft^y\a(3 = 0. In the 
meantime, the transformation (0) agrees with the identity (@]) checked by the 
gauge parameters. 

The field equations resulting from the action (0) take the form 

where 

+ {dp,dat/3u — dpdjstau — dydatfip + dudptap) 

— -d^d'' [ci pa {t\l3\up + t\v\Pp) ~ (^nP {t\a\vp 

{t\l3\pp + t\p.\l3p) + CTu/S {tXa\p.p 

{dptup + dytjSp) — CTpp {dotup + dytap) 
{dptpp + dptpp) + (Jyp {datpp + dptap)) 

{cTpadpdy - CTpf^dadu - CTuadpdp + cr^f^dadp) t 

- {cTpaa^^ - appa^a) {d^dHxp - ^Dt^ . (7) 
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Obviously, the tensor Tf^u\af3 displays the same mixed symmetry properties 
like the tensor field t^y\ai3- It is useful to compute its simple and double traces 



T^y\al3 = Tyfj = {A — D) {^9^9'' {t\u\l3p + i\l3\vf) 

a'^n^, = T = -iA-D)i3-D) (^d^d^txp - ^Dt^ . (9) 

Obviously, its simple trace is a symmetric tensor, while its double trace 
is a scalar. The gauge invariance of the Lagrangian action under the 
transformations Q is equivalent to the fact that the functions defining the 
field equations are not all independent, but rather obey the Noether identities 

- -\d^T,^l<^, = 0, (10) 

while the first-stage reducibility shows that not all of the above Noether 
identities are independent. It can be checked that the functions (|7j) defining 
the field equations, the gauge generators, as well as the first-order reducibility 
functions, satisfy the general regularity assumptions from j22j, such that the 
model under discussion is described by a normal gauge theory of Cauchy 
order equal to three. 



2.2 Interpretation via the generalized 3-complex 

This model describes a free gauge theory that can be interpreted in a con- 
sistent manner in terms of the generalized differential complex [SB] ^^2 {•M.) 
of tensor fields with mixed symmetries corresponding to a maximal sequence 
of Young diagrams with two columns, defined on a pseudo-Riemannian man- 
ifold A4 of dimension D. Let us denote by d the associated operator (3- 
differential) that is third-order nilpotent, = 0, and by fig (-^) the vector 
space spanned by the tensor fields from Q2 i-M.) with p entries. The action 
of d on an element pertaining to fig (-^) results in a tensor from fif^^ 
with one spacetime derivative, the action of d"^ on a similar element leads to a 
tensor from fif"*"^ (-^) containing two spacetime derivatives, while the action 
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of on any such element identically vanishes. In brief, the generalized 3- 
complcx ^2 (A^) may suggestively be represented through the commutative 
diagram 



d 



/ V 



(p 

^ ^^2 

<p 

^ ^^2 

where the third-order nilpotency of d means that any vertical arrow followed 

by the closest higher diagonal arrow maps to zero, and the same with respect 
to any diagonal arrow followed by the closest higher horizontal one. Its bold 
part emphasizes the sequences that apply to the model under discussion: 
the first one governs the dynamics and indicates the presence of some gauge 
symmetry 

^^2 ^^2 

field curvature _J Bianchi II , (11) 

while the second sequence solves the gauge symmetry 

^^2 ^"^2 

gauge param. gauge transf. gauge inv. objects . (12) 

Let us discuss the previous sequences. Starting from the tensor field t^iy|a/3 
from we can construct its curvature tensor -F^,yA|Q/37, defined via 
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+d\djjt^u\^a + d^dptyX\^oi + dydi3t\^\^a-, (13) 

which is second-order in the spacetime derivatives and belongs to Thus, 
the curvature tensor transforms in an irreducible representation of GL [D, M) 
and exhibits the symmetries of a rectangular two-column Young diagram 
(3,3), being separately antisymmetric in the indices {/i, i/. A} and {a,/5,7}, 
symmetric under the interchange {/x, z/. A} < — > {a,/3,7}, and obeying the 
(algebraic) Bianchi I identity 

F[fj.u\\a]f3j = 0. (14) 

The action of d on F^^xia/s-r maps to zero 

i^t) p,.A„,, = (dF) ~ d[, F,.,] = 0, (15) 

and represents nothing but the (differential) Bianchi II identity for the cur- 
vature tensor. Since the curvature and its traces are the most general 
non- vanishing second-order derivative quantities in Q2 (-^) constructed from 
t^iu\a/3, we expect that the free field equations (jHI) completely rely on it. The 
formula (|15|) shows that the corresponding field equations cannot be all inde- 
pendent, but satisfy some Noether identities related to the Bianchi II identity 
of the curvature tensor. This already points out that the searched for free 
Lagrangian action must be invariant under a certain gauge symmetry. The 
second sequence, namely (I12p . gives the form of the gauge invariance. As the 
free field equations involve -F^i/A|a/37 5 it is natural to require that these are the 
most general gauge invariant quantities 

^^(^^^),.A«,,~^^^M^A|«,7 = 0. (16) 

This matter is immediately solved if we take 
{de) 

^ii.v\P - dfie^y\a — 5eV|a/3, (17) 

where the gauge parameters pertain to i^g; because, on account of the 
third-order nilpotency of ci, we find that 

^eF,.A|.,,~(rf^6)^^,^^^^0. (18) 

Clearly, the relation (jl7|) coincides with the gauge transformations (jHj). 
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We complete our discussion by exemplifying the construction of the free 
field equations. Let us denote by Sq [tfj,u\a/3] a free, second-order derivative 
action that is gauge invariant under (fTTj) . and by 58^/51^"^°'^ its functional 
derivatives with respect to the fields, which are imposed to depend linearly 
on the undifferentiated curvature tensor. Then, as these functional deriva- 
tives must have the same mixed symmetry like tf^,y\ai3, it follows that they 
necessarily determine a tensor from The operations that can be per- 
formed with respect to the curvature tensor in order to reduce its number of 
indices without increasing its derivative order is to take its simple, double, 
and respectively, triple traces 

F^a. = fx^^^H"/? e f^2, (20) 
F = a'^'^F^^enl (21) 

where is symmetric and F is a scalar. The only combinations formed 
with these quantities that belong to ^2 generated by 

F^_iu\af3, (22) 

O'liaFpu — (JfilsFau — CTuaFp^ + (TupFap,^ (23) 

and 

) F, (24) 

so in principle 53^/51^'^^°'^ can be written as a linear combination of (|22l - 
0^ with coefficients that are real constants. However, the requirement that 
the above linear combination indeed stands for the functional derivatives of 
a sole functional restricts the parametrization of the functional derivatives, 
and therefore of the Lagrangian action, by means of one constant only 

5Sq/ 51^"'^°'^ = A — - {cr^aFpu — CTfipFau — (^uaFp^ + CTu/sFafi) 

+ ^ {(^f,a(^up - cr^pa^^) . (25) 
If in ()25|) we take the particular value 

A=-^, (26) 
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we recover the Lagrangian action (Q) together with the field equations 
This also allows us to identify the expression of T^u\a/3 from (jHHZI) in terms 
of the curvature tensor like 

+ g {cr^aCTup - C^fipCTua) F^ . (27) 

At this point, we can easily see the relationship of the field equations ^ 
and their Noether identities with the curvature tensor and accom- 
panying Bianchi II identity (fT3j) . First, we observe that the field equations 
© are completely equivalent with the vanishing of the simple trace of the 
curvature tensor 

T^^^iap ~ ^ ^ 0. (28) 

The direct statement holds due to the fact that T^u\ai3 is expressed only 
through Ffj,i^\ai3 and its traces, such that its vanishing implies F^^\ai3 ~ 0. The 
converse implication holds because the vanishing of the second and respec- 
tively third component in the right-hand side of (j2Z|) is a simple consequence 
of Ffj_^\af3 ~ 0. Second, the Noether identities (fTUj) are a direct consequence 
of the Bianchi II identity for the curvature tensor 

d[f, F^px]\upe = ^ 9^T^Ha/3 = 0- (29) 
Indeed, on the one hand the relation (jTTj) yields 

d^T^.\ap = - + \cr,^a [d^Fp^^ - \dp]F^ • (30) 

On the other hand, simple computation leads to 

a^'a^''d^^F^p^\,,e = -2 {d^F^,\o,p - \d^o.Fp^}j , (31) 

2a''P {d^F^,\^p - U^aFp^)j = 3 {d'^F^^ - U^F^ . (32) 



Thus, according to (jHTH32j) . we can state that the Bianchi II identity for the 
curvature tensor implies the identically vanishing of the right-hand side of 
(jHUj) . and hence enforces the Noether identities (fTUI) for the action ([T]). 
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Next, we point out the relation between the generahzed cohomology of 
the 3-complex 0,2 i-M.) and our model. The generalized cohomology of the 
3-complex (Ai) is given by the family of graded vector spaces Hk (d) = 
Ker [df'^ //m(J^~'^), with k = 1,2. Each vector space Hk{S) splits into 
the cohomology spaces H^^-^ {0.2 {.M.)), defined hke the equivalence classes 
of tensors from ^2 {M.) that are d'^-closed, with any two such tensors that 
differ by a (P~^-ex.a,ci element in the same equivalence class. The spaces 
H^j.) are not empty in general, even if M. has a trivial topology. However, 
in the case where M. (assumed to be of dimension D) has the topology of 
MP , the generalized Poincare lemma [22] applied to our situation states that 
the generalized cohomology of the 3-differential d on tensors represented by 
rectangular diagrams with two columns is empty in the space O2 (MP^ of 
maximal two-column tensors, H"^^-^ {0.2 (l^^)) = 0, for 1 < n < D — 1 and 
k = 1,2. In particular, for n = 3 and = 1 we find that H^^-^ (0.2 {^^)) = 
and thus, if the tensor F^^^xia/s-y with the mixed symmetry of the curvature 
tensor is (i-closed, then it is also d^-exact. To put it otherwise, if this tensor 
satisfies the Bianchi II identity d[pF^^x]\af3'y = 0, then there exists an element 
tfii/lap with the mixed symmetry (2,2), with the help of which F^^xiafs-y can 
precisely be written like in (fT^ . 

Finally, we observe that the formula ()27|) relates the functions defining 
the free field equations (jHl) to the curvature tensor by a generalized Hodge- 
duality. The generalized cohomology of Jon ^2 i-M.) when Ai has the trivial 
topology of together with this type of generahzed Hodge-duality reveal 
many important features of the free model under study. For example, if 
T^u\a(3 is a covariant tensor field with the mixed symmetry (2, 2) and satisfies 
the equations 

d''%,\o.p = 0, (33) 

then there exists a tensor ^^up\ai3'y G O2 (M^) with the mixed symmetry of 
the curvature tensor, in terms of which 

Tpy\af3 = d''d'^^f_t„p\a(3-y + C [apaC^vp - (^fj.l3<y ua) , (34) 

with c an arbitrary real constant. It is easy to check the above statement 
in connection with the functions (|7j) that define the field equations for the 
model under consideration. Indeed, direct computation provides c = and 

Tfj,u\ai3 = -d^d'^^f^i^pia/s^, (35) 
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where 



+0'p,[-l'tal3]\vp + (^v[y'ta|3]\p^l ~2 (c^^p Cr^]Q,t^,^ 

+C'"Q:[pCr i/]/3^7p + crQ[i/Crp]/3^7p + cr/3[p crp]7^ai/ 
+'^/3[pCr!^]7^«p + '^/3[i/'^p]7W) + {^-i[p^ p\aO'j3v 

+cr-y[^a^]a(^f3p + a^[i,cr p]a(Tf^p) t, (36) 

such that the corresponding ^fj,up\ai3'r indeed displays the mixed symmetry of 
the curvature tensor. 



3 Free BRST symmetry 

In agreement with the general setting of the antibracket-antifield formalism, 
the construction of the BRST symmetry for the free theory under consider- 
ation starts with the identification of the BRST algebra on which the BRST 
differential s acts. The generators of the BRST algebra are of two kinds: 
fields/ghosts and antifields. The ghost spectrum for the model under study 
comprises the fermionic ghosts //a/si^i associated with the gauge parameters 
eai3\ij. from Q, as well as the bosonic ghosts for ghosts Cp^, due to the first- 
stage reducibility parameters 6pu in (0). In order to make compatible the 
behaviour of eai3\p and 9pu with that of the corresponding ghosts, we ask that 
Vai3\p satisfy the same properties like the gauge parameters 

Vpi'la ~ ~flvp.\Q-i V[pu\q\ = ("^'^) 

and that Cpi, is antisymmetric. The antifield spectrum is organized into the 
antifields of the original tensor field and those of the ghosts, rj*^'^^"' 

and C*^^ , of statistics opposite to that of the associated fields/ghosts. It is 
understood that t*^'^^"^ is subject to some conditions similar to those satisfied 
by the tensor field 

^*pu\af3 ^*iyp|o/3 ^*pu\f5a ^*a0\iiu ^*[pu\a][3 _ g (38) 

and, along the same line, it is required that 

^*pu\a _ _^*up.\a ^*[pi^\a] ^ g Q*pu _ _Q*vp ^gg'j 
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We will denote the simple and double traces of t*^^^°'^ by 

t*^P = a^.J*'"'^'"^, t*'''^ = t*^", t* = a^pt*'''^. (40) 

As both the gauge generators and reducibility functions for this model are 
field- independent, it follows that the associated BRST differential (s^ = 0) 
splits into 

s = 5 + 7, (41) 

where 6 represents the Koszul-Tate differential (5^ = 0), graded by the 
antighost number agh (agh (5) = —1), while 7 stands for the exterior deriva- 
tive along the gauge orbits and turns out to be a true differential (7^ = 0) 
that anticommutes with 6 (^7 + 7^ = 0), whose degree is named pure ghost 
number pgh (pgh (7) = 1). These two degrees do not interfere (agh (7) = 0, 
pgh (5) = 0). The overall degree that grades the BRST differential is known 
as the ghost number (gh) and is defined like the difference between the pure 
ghost number and the antighost number, such that gh (s) = gh (6) = gh (7) = 
1. According to the standard rules of the BRST method, the corresponding 



degrees of the generators from the BRST complex are valued like 

pgh = 0, pgh {vt,u\a) = 1, pgh {Cf,^) = 2, (42) 

pgh = pgh = pgh [C*"'') = 0, (43) 

agh (Vla/3) = agh {r]^^\a) = agh (C^^) = 0, (44) 

agh (t*^'^"^) = 1, agh (r/*'^'^l°) = 2, agh(C*'^'') = 3 (45) 

and the actions of 6 and 7 on them are given by 

1VH» = "^^aC^^ - d[^C^]a, iC^y = 0, (47) 

^fM^P = 0, -ff]*'"'^" = 0, jC*^"' = 0, (48) 

5V|a/3 = 0' ^VMc = 0' ^C'a*!^ = 0' (49) 

= hr^'^\^P^ 5r/*°^l^ = -4(9^t*^^l°^, 60*^"" = Sdo.v*^"^'" , (50) 



with Tfj_^\a/3 expressed in ^ and both 6 and 7 taken to act like right deriva- 
tions. 



12 



The antifield-BRST differential is known to admit a canonical action in a 
structure named antibracket and defined by decreeing the fields/ghosts con- 
jugated with the corresponding antifields, s- = {-,3), where (, ) signifies the 
antibracket and S denotes the canonical generator of the BRST symmetry. 
It is a bosonic functional of ghost number zero involving both the field/ghost 
and antifield spectra, which obeys the classical master equation 



The classical master equation is equivalent with the second-order nilpotency 
of s, = 0, while its solution encodes the entire gauge structure of the 
associated theory. Taking into account the formulas ()46flMH) . as well as the 
actions of S and 7 in canonical form, we find that the complete solution to 
the master equation for the model under study reads as 



+daV,.\p - dpv,u\a) + V*^"^" {2d^C^, - d^^C,]^)) . (52) 



The main ingredients of the antifield-BRST symmetry derived in this section 
will be useful in the sequel at the analysis of consistent interactions that can 
be added to the action without changing its number of independent gauge 
symmetries. 



4 Brief review of the antifield-BRST defor- 
mation procedure 



There are three main types of consistent interactions that can be added to a 
given gauge theory: (i) the first type deforms only the Lagrangian action, but 
not its gauge transformations, (ii) the second kind modifies both the action 
and its transformations, but not the gauge algebra, and (in) the third, and 
certainly most interesting category, changes everything, namely, the action, 
its gauge symmetries and the accompanying algebra. 

The reformulation of the problem of consistent deformations of a given 
action and of its gauge symmetries in the antifield-BRST setting is based on 
the observation that if a deformation of the classical theory can be consis- 
tently constructed, then the solution to the master equation for the initial 



{S, S) = 0. 



(51) 
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theory can be deformed into 

S = S + gS, + g'S2 + 0{g'), e (S) = 0, gh (^) = 0, (53) 

such that 

{S,S)=0. (54) 

Here and in the sequel e [F) denotes the Grassmann parity of F. The pro- 
jection of (j54|) on the various powers in the couphng constant induces the 
following tower of equations: 

■■ iS,S) = 0, (55) 

g' : iSuS) = 0, (56) 

/ : ^(5i,5i) + (52,5) = 0, (57) 



The first equation is satisfied by hypothesis. The second one governs the 
first-order deformation of the solution to the master equation (Si) and it 
shows that 5*1 is a BRST co-cycle, sSi = 0, and hence it exists and is local. 
The remaining equations are responsible for the higher-order deformations 
of the solution to the master equation. No obstructions arise in finding so- 
lutions to them as long as no further restrictions, such as spacetime locality, 
are imposed. Obviously, only non-trivial first-order deformations should be 
considered, since trivial ones (5*1 = sB) lead to trivial deformations of the 
initial theory and can be eliminated by convenient redefinitions of the fields. 
Ignoring the trivial deformations, it follows that Si is a non-trivial BRST- 
observable, 5*1 G (s). Once that the deformation equations (jSHHSZI), etc., 
have been solved by means of specific cohomological techniques, from the con- 
sistent non-trivial deformed solution to the master equation we can extract 
all the information on the gauge structure of the accompanying interacting 
theory. 



5 Self-interactions 

The first task of our paper is to study the consistent interactions that can be 
added to the free action (Q) by means of solving the main deformation equa- 
tions, namely, (j56H57j) . etc. For obvious reasons, we consider only smooth. 
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local, Lorentz-covariant and Poincare-invariant deformations. If we make the 
notation Si = J d^xa, with a a local function, then the local form of the 
equation ()56|) . which we have seen that controls the first-order deformation 
of the solution to the master equation, becomes 

sa = d^ni^, gh (a) = 0, e (a) = 0, (58) 

for some m'^, and it shows that the non-integrated density of the first-order 
deformation pertains to the local cohomology of s at ghost number zero, 
a G (s|(i), where d denotes the exterior spacetime differential. In order to 
analyze the above equation, we develop a according to the antighost number 

a = ^ Ofc, agh (ofc) = k, gh (a^) = 0, e (a^) = 0, (59) 

A;=0 

and assume, without loss of generality, that a stops at some finite value / 
of the antighost number.^ By taking into account the decomposition ()4ip 
of the BRST differential, the equation ()58|) is equivalent to a tower of local 
equations, corresponding to the various decreasing values of the antighost 
number 

{if 

'jai = 5^ m , (60) 
Saj + 7a7_i = dfj_ m , (61) 

(k-lf 

6ak + 'jak-i = m , I - I > k > 1, (62) 
where m are some local currents, with agh I m \ = k. It can be 



proved^ that one can replace the equation (p]j) at strictly positive antighost 
numbers with 

7% = 0, / > 0. (63) 

In conclusion, under the assumption that / > 0, the representative of high- 
est antighost number from the non-integrated density of the first-order de- 
formation can always be taken to be 7-closed, such that the equation (j^Hj) 

"'^This can be shown, for instance, like in .26 (Section 3), under the sole assumption 
that the interacting Lagrangian at the first order in the coupling constant, oq, has a finite, 
but otherwise arbitrary derivative order. 

^The proof is be given in Corollary 3.1 from |27j . 
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associated with the local form of the first-order deformation is completely 
equivalent to the tower of equations and (jUTtiU^ . 

Before proceeding to the analysis of the solutions to the first-order de- 
formation equations, we briefly comment on the uniqueness and triviality of 
such solutions. Due to the second-order nilpotency of 7 (7^ = 0), the solution 
to the top equation (jUBj) is clearly unique up to 7-exact contributions, 

ai ^ ai + 76/, agh (bj) = /, pgh (bj) = 1-1, s (bj) = 1. (64) 

Meanwhile, if it turns out that a/ reduces to 7-exact terms only, aj = jbj, 
then it can be made to vanish, aj = 0. In other words, the non-triviality 
of the first-order deformation a is translated at its highest antighost number 
component into the requirement that 

ai e (7) , (65) 

where (7) denotes the cohomology of the exterior longitudinal derivative 7 
at pure ghost number equal to I. At the same time, the general condition on 
the non-integrated density of the first-order deformation to be in a non-trivial 
cohomological class of {s\d) shows on the one hand that the solution to 
fl3H|) is unique up to s-exact pieces plus total divergences 

a^a + sb + d^nf", gh (6) = -1, e (b) = 1, gh (n^) = 0, e {n'') = (66) 

and on the other hand that if the general solution to is found to be 
completely trivial, a = sb + d^n^, then it can be made to vanish, a = 0. 

In the light of the above discussion, we pass to the investigation of the 
solutions to the equations and (|HTHU^ . We have seen that a/ belongs to 
the cohomology of the exterior longitudinal derivative (see the formula lU^ ) . 
such that we need to compute H (7) in order to construct the component of 
highest antighost number from the first-order deformation. This matter is 
solved with the help of the definitions (jlUHIH)) . 



5.1 F (7) and (^Id) 

The formula PHj) shows that all the antifields 

X*^ = (t*'^^!"^, r]*^""^", C*^"') (67) 

belong (non-trivially) to (7). From the definition ()46p and recalling the 
general discussion from Section |21 on the relationship between the model 
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under investigation and the 3-differential complex, we infer that the most 
general 7-closed (and obviously non-trivial) elements constructed in terms of 
the original tensor field are the components of the curvature tensor ()13p and 
their spacetime derivatives, so all these pertain to (7). 

Using the first definition in (@7j), we notice that there is no 7-closed 
linear combination of the undifferentiated ghosts of pure ghost number one. 
On behalf of the same definition, we investigate the existence of 7-closed 
linear combinations in the first-order derivatives of these ghosts. By direct 
computation, it is easy to see that the most general 7-closed quantities in the 
first-order derivatives of the pure ghost number one ghosts have the mixed 
symmetry of the tensor field t^^\ai3 itself 

M^^lai3 = df,r]af3\u - dyriap\^, + dari^,y\p - dpri^^\a. (68) 

Howevr, with the help of the formula pUj) it is obvious that M^y\ap is 7-exact, 
^^ti/|o/3 = lt^^\a/3, and thus it must be discarded from (7) as being trivial. 
Along the same line, one can prove that the only 7-closed combinations with 
N > 2 spacetime derivatives of the ghosts r]f^u\a are actually polynomials with 
(A^ — 1) derivatives in the elements M^,^|a^, so they are 7-exact, and hence 
trivial in (7). In conclusion, there is no non-trivial object constructed 
out of the ghosts rj^i^^a and their derivatives in (7), which implies that 
(7) = as there are no other ghosts of pure ghost number equal to one in 
the BRST complex. The ERST complex for the model under consideration 
contains no other ghosts with odd pure ghost numbers, so we conclude that 

i/2«+i = 0, for all / > 0. (69) 

The definitions fl47p show that the undifferentiated ghosts of pure ghost 
number equal to two, C^^^, belong to H (7). The 7- closedness of C^^i, further 
implies that all their derivatives are also 7-closed. Let us see which of these 
derivatives are trivial. Regarding their first-order derivatives, from the first 
relation in ()47|) we observe that their symmetric part is 7-exact 

d(pC^)^ = 7 (^-^r]^(^,\u)^ , (70) 

where [fiu ■ ■ ■) denotes plain symmetrization with respect to the indices be- 
tween brackets without normalization factors, such that 9(^Cj,)q, will be re- 
moved from H {'-/). Meanwhile, their antisymmetric part dy^Cy-^a is not 7- 
exact, and hence can be taken as a non-trivial representative of H (7). After 
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some calculations, we find that all the second-order derivatives of the ghosts 
for ghosts are 7-exact 



dadpC^u — — 



7 (3 {daVMfi + dpVMc) + ^[piVu] (a|/3)) , 



(71) 



and so will be their higher-order derivatives. In conclusion, the only non- 
trivial combinations in H (7) constructed from the ghosts of pure ghost 
number equal to two are polynomials in C^y and 9[^Cy]Q,. Combining this 
result with the previous one on (7) being non- vanishing, we have actually 
proved that only the even cohomological spaces of the exterior longitudinal 
derivative, H^^ (7) with / > 0, are non- vanishing. 

Under these circumstances, it follows that the equation (jU^ possesses 
non-trivial solutions only for I = 2 J, where the general form of a2j for J > 
is (up to irrelevant, 7-exact contributions) 



aj = a2j = a2j ( [x*^] , [F^uX\ai3y] ) e^-^ (C^^, d[^C^]a) , J > 0, (72) 



where the notation f {[q]) means that / depends on q and its spacetime 
derivatives up to a finite order. The coefficients a2j are 7-invariant 



and exhibit the properties e {a2j) = 0, pgh (a2j) = and agh (a2j) = 2 J, 
while the symbol e^*^ stands for a generic notation of the elements with pure 
ghost number equal to 2J of a basis in the space of polynomials in C^^, and 
difj.C,y]a- The objects a2j (obviously non-trivial in if" (7)) were taken to 
have a bounded number of derivatives, and therefore they are polynomials 
in the antifields x*^? the curvature tensor F^^xia/s-r, as well as in their 
derivatives. Due to their 7-closedness, they are called invariant polynomials. 
At zero antighost number, the invariant polynomials are polynomials in the 
curvature tensor Ffj_^x\ai3-y and its derivatives. The result that we can replace 
the equation (lUUj) with the less obvious one is a nice consequence of 
the fact that the cohomology of the exterior spacetime differential is trivial 
in the space of invariant polynomials at strictly positive antighost numbers. 
This means that if the invariant polynomial aj of strictly positive antighost 
number is annihilated by d, then it can be written like the ci-variation of 
precisely an invariant polynomial. For details, see Section 3 from |27j . 

Replacing the solution (f?^ in the equation for / = 2 J and taking into 
account the definitions (j47|) . we remark that a necessary (but not sufficient) 



7«2J = 0, 



(73) 
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condition for the existence of (non-trivial) solutions a2j-i is that the invariant 
polynomials a2j from (|72j) are (non-trivial) objects from the local cohomology 
of the Koszul-Tate differential H {6\d) at antighost number 2J > and pure 
ghost number equal to zero^, a2j G H2J {S\d), i.e. 

Sa2j = d,f, e = 1, agh {f ) = 2 J - 1, pgh (f) = 0. (74) 

Consequently, we need to investigate some of the main properties of the 
local cohomology of the Koszul-Tate differential at pure ghost number zero 
and strictly positive antighost numbers in order to completely determine the 
component 02 j of highest antighost number in the first-order deformation. As 
we have discussed in Section |2l the free model under study is a normal gauge 
theory of Cauchy order equal to three. Using the general results from (24] 
(also see [12] and [221121]), one can state that the local cohomology of the 
Koszul-Tate differential at pure ghost number zero is trivial at antighost 
numbers strictly greater than its Cauchy order 

Hk {6\d) = 0, k>3. (75) 

Moreover, if the invariant polynomial a^, with agh (a^) = A; > 3, is trivial in 
Hk {S\d), then it can be taken to be trivial also in iY™^ (5|(i) 

/ (fc)^ \ (kf 

( ttfc = 6bk+i + c , agh (a^) = A; > 3 1 ^ = Spk+i + 1 , (76) 

(kf 

where Pk+i and 7 are invariant polynomials. [An element of -ff™^ (^M) is 
defined via an equation similar to ([74]) for 2 J —>■ k, but with the correspond- 
ing current an invariant polynomial.] The result ([TS]) is proved in Theorem 
4.1 from [27]. It is important since together with (j75p ensure that all the 
local cohomology of the Koszul-Tate differential in the space of invariant 
polynomials is trivial in antighost numbers strictly greater than three 

Hl''^{6\d) = 0, A; > 3. (77) 

Using the definitions (j5(J|) . we can organize the non-trivial representatives of 

■^We recall that the local cohomology H {S\d) is completely trivial at both strictly 
positive antighost and pure ghost numbers (for instance, see [23; Theorem 5.1 and [2H])- 
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{Hk (5|(i))fc>2 (at pure ghost number equal to zero) and (i?™^ ('^I'^))fc>2 ^^^^ 

, non — trivial representatives 

spanning i/fc and H'^'' {6\d) 
k> 3 none . (78) 

k = 3 0*^"" 
k = 2 7]*''^^'' 

With the help of the above representatives we can construct in principle 
other non-trivial elements from H {6\d) and W'^^ {S\d) at strictly positive 
antighost numbers, which explicitly depend on the spacetime co-ordinates. 
For instance, the object V'^u\af^'^^'^^ with f'^'^ some antisymmetric constants, 
belongs to both H2 {S\d) and iJ™^ {6\d). However, we will discard such ele- 
ments during the deformation procedure since they would break the Poincare 
invariance of the interactions. In contrast to the groups (iffc ('^M))fc>2 and 
(if™^ ((5|(i))^^2) which are finite-dimensional, the cohomology Hi{6\d) at 
pure ghost number zero, that is related to global symmetries and ordinary 
conservation laws, is infinite-dimensional since the theory is free. Fortunately, 
it will not be needed in the sequel. 

The above results on H {6\d) and i/™^ {S\d) in strictly positive antighost 
number are important because they control the obstructions to removing the 
antifields from the first-order deformation. Indeed, due to (fTTjl and (jU^ it 
follows that we can successively eliminate all the pieces of antighost number 
strictly greater than two from the non-integrated density of the first-order 
deformation by adding only trivial terms (for details, see Section 5 from |27j). 
so we can take, without loss of non-trivial objects, the condition 

< / = 2J < 2 (79) 

in the development (j^ . which leaves us with a single eligible, strictly positive 
value, / = 2 J = 2. 

5.2 The case 1 = 2 

Thus, for / = 2 J = 2 we finally obtain that the expansion (|59|) becomes 

a = ao + ai + 02, (80) 
where its last component is written (up to 7-exact objects) in the form 
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with the elements of pure ghost number two spanned by 

[C^y, d[^Cy^a) ■ (82) 
Taking into account the result from ()78p at = 2, we get that 

a2 = vUo^ [F'^-^-'Cp, + r^P^^d^p C,],) , (83) 

where //^'^"/^^ and f^'^^P^^ must be non-derivative constants. In the meantime, 
j/iuaiBj j/iuaisjx Q^nuot be antisymmetric in all indices {/i, z/, a} (because 
in this event the identity r^*!/^^!"] = maps the corresponding terms to zero), 
which eventually leaves one candidate for 02 

with c an arbitrary real constant. However, this term is easily shown to be 
trivial (7-exact) on account of the first definition in ()47|) and of the identity 
= which allows us to add to 02 any quantity proportional with 
r]*'^'^\°'d[^C ya] since it vanishes identically 

and so it can be discarded from (|H^ by setting 

c = 0. (86) 

So far we have shown that there is no non-trivial 02 in the right-hand side of 
dHOl) 

02 = 0. (87) 

It is worth noticing that at this stage we have not used any a priori restriction 
on the number of derivatives from 02, except that it is finite, but only the gen- 
eral requirements of smooth, local, Lorentz-covariant and Poincare-invariant 
deformations. The assumption that the interactions contain at most two 
derivatives will only be needed below. 

5.3 The case / = 

Consequently, we pass to the next value of the maximum antighost num- 
ber in the expansion (j59p . which, according to the restriction (j79|) . excludes 
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the value 1 = 1. Thus, we are only left with the possibility that the non- 
integrated density of the first-order deformation reduces to its antighost num- 
ber zero component, which is nothing but the deformed Lagrangian at the 
first order in the coupling constant 

a = ao ([Via/?]) , (88) 
which must obey the equation 

7ao = a^m'^. (89) 

There are two main types of solutions to the last equation. The first one 
corresponds to = and is given by functions in the field and its 

derivatives that are invariant under the gauge transformations (jH)). As the 
components of the curvature tensor are the most general gauge invariant 
objects, it follows that 

= ^ ag = ag ([F^j,A|a/37]) • (90) 

At this point we ask that the deformed gauge theory preserves the Cauchy 
order of the uncoupled model, which enforces the requirement that the in- 
teracting Lagrangian is of maximum order equal to two in the spacetime 
derivatives of the tensor field t^u\ai3 at each order in the coupling constant. 
In turn, this requirement leads to Oq = (we have excluded the solutions 
linear in [-F)x!/A|a/37] , as they obviously reduce to total divergences, and thus 
give a vanishing Si). 

The second type of solutions is associated with ^ 0, being understood 
that we maintain the restriction on the derivative order of oq and discard the 
divergence-like solutions = d^tViF". Denoting the Euler-Lagrange derivatives 
of oo by A^^'^'^^ = 5ao/5t^„^af3 and using the formula (jlUj) . the equation (|H^ 
implies that 

= 0, (91) 

where the tensor A'^'^^"^ is imposed to contain at most two derivatives, to have 
the mixed symmetry of t^y\ap and to fulfill the Bianchi I identity A^^^^""^^ = 0. 

According to the discussion from the end of Section |^ (see the formulas 
(jnSHSU)), the general solution to (jHH) is 

= A^"^'''^ = dpd^^^^'P^'"^^ + c - a'^'^a''") , (92) 
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where has the mixed symmetry of the curvature tensor. The second 

term in (j92j) is non-trivial and generates a cosmological-hke term 

a^o'^ = 2ct, (93) 
where t is the double trace of the tensor field t^^\ai3- It verifies the equation 

7^^^ = 9^m(i)^, m(^)^ = Scr]'^"!^, (94) 



so we can write that 

with 

and 



ao = «o^^ + cl'o\ (95) 
ja^o^ = a^m(2)A' (96) 



r (2) 

° - apC'^l*'^"''!"^^. (97) 



In the sequel we investigate the form of al^\ Imposing that A^'^'"^ contains at 
most two derivatives, we find that ^^^'^p\°'^^"/ involves only the undifferentiated 
tensor field t^y\ai3. Let iV be a derivation in the algebra of the fields t^y\aj3 and 
of their derivatives that counts the powers of the fields and their derivatives, 
defined by 

^ = E (^M. ■ ■ ■ d,J,u\c.,) jj- ^- r. (98) 

Then, it is easy to see that for every non-integrated density u, we have that 

Nu = V|«/3TT + ^^,s^', (99) 

where Su/6t^^^ap denotes the variational derivative of u. If m is a homogeneous 
polynomial of order p > in the fields and their derivatives, then Nu = pu, 
such that 

As Oq can always be decomposed as a sum of homogeneous polynomials of 
various orders in the fields and their derivatives, it is enough to analyze the 



23 



equation for a fixed value of p. Setting u = o'q^ in (jlOUp and using 
we find that 



,(2) 



1 



^5"' = - Vh/3'9p57'^'''''"^^ + d,r. (101) 

Integrating twice by parts in ()101|) and taking into account the mixed sym- 
metry of ^i^'^p\^P'^ ^ we infer that 

kF^up\ap^^^'''^''^'' + d,F, (102) 



a. 



(2) 




with k = l/9p. Acting now with 7 on (jl02|) . we obtain that 

7^0 = -4^kr]^v\ed5 Fp^p\^p^—- + a^P, (103) 

— _____ — 

for some l^. From p03j) we observe that satisfies the equation if 
and only if 

F,.p\.p,^^^\ =0. (104) 

Since the quantity between parentheses in ()104|) has the same mixed sym- 
metry like the tensor field with the help of the relations (j^SHSlI) "we 
determine that 

Fpupw^,^^ = d^deiP'''^\^''\ (105) 

for some ^^^"^^^^^ with the mixed symmetry of the curvature tensor, which 
depends only on the undifferentiated tensor field tp^\af3- Computing the left- 
hand side of (jlOSp . we arrive at 

p Z_ — fj pj I Of Z-Z. 

{dptp,u\al3) {d-yts'e'l^'rf') + tpu\af3dpd^ts'£'\^'r^') 

QS^pupla/S-y 

-9^7 ^7 ^7 tp„\al3 {dpt5'e'\i'n') {d-tt5"e"\li"ri") ■ (106) 

The right-hand side of p06|) can be written in the form of the right-hand 
side from (jlOSp if and only if 

QUaP^^ = ^'^^l^"', (107) 
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0. (108) 



On the one hand, the requirements ()1U8|) restrict ^f^'^p\°'l^'^ to be hnear in 
t^iu\a/3 and, on the other hand, we have the condition that ^'^'^pI"'/^"/ has the 
same mixed symmetry hke the curvature tensor. These considerations fix 
^p'^p\"'i^"/ to be precisely of the type 

^tiup\al3"/ _ f^f^fJ.up\a/3-y ^ (109) 

where k' is a real constant and ^p'^p\°'/^"' is the tensor (jHUj) involved in the 
functions that yield the free field equations. Meanwhile, (ll(J9|) fixes the 
value of p from (jlUip to p = 2. By direct computation we deduce that (jl(J7|) 
is also satisfied and get that 

Inserting ()109j) in (jlOlj) for p = 2, on behalf of (j35|l we infer that 

a'i^ = k%,lapT>^''^'"' + d^F, (111) 

and hence (|llip is (up to an irrelevant divergence) proportional with the 
original Lagrangian. This solution is however trivial in {s\d) since it can 
be expressed like 



a. 



(2) 




where 



sb + df.v'', gh (6) = -1, gh {v'') = 0, (112) 

Ak' (t*^^l"^V|"/3 + + C^f-'Cpu) , (113) 

(/^ - 16k't*^"'^'''^7]^p\^ - 12k'r]*"'^^^C^p) . (114) 



Then, in agreement with the discussion from the beginning of this section, 
the solution (jll2j) can be safely removed from the first-order deformation by 
replacing it with 

= 0. (115) 

From ()93|) for c = 1/2, using ()95|) . and relying on the results contained in the 
previous subsections, we conclude that 

Si= [ d^xt (116) 
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represents the only non-trivial first-order deformation of the solution to the 
master equation for the tensor t^^\a/3- Moreover, it is consistent to all orders 
in the coupling constant. Indeed, as (5*1, S'l) = 0, the equation ^7\i that 
describes the second-order deformation is satisfied with the choice 

S2 = 0, (117) 

while the remaining higher-order equations are fulfilled for 

53 = ^4 = --- = 0, (118) 

and hence there are no non-trivial self-interactions for the tensor field t^^-^ap- 
The main conclusion of this section is that, under the general conditions 
of smoothness, locality, Lorentz covariance and Poincare invariance of the de- 
formations, combined with the requirement that the interacting Lagrangian 
is at most second-order derivative, there are no consistent, non-trivial self- 
interactions for the massless tensor field with the mixed symmetry of the 
Riemann tensor. The only piece that can be added to the original Lagrangian 
is a cosmological-like term, which does not modify the original gauge trans- 
formations. 



6 Interactions with the Pauli-Fierz theory 

We have argued in the previous section that there are no consistent self- 
interactions that can be added to the free action of the massless tensor field 
tfj.u\ai3- In the sequel we investigate if there exist local, smooth, Lorentz- 
covariant and Poincare-invariant, consistent interactions between such a ten- 
sor field and a non-interacting massless spin-2 field /i^^^, described by the 
Pauli-Fierz action ^Oj. We maintain the restriction on the maximum deriva- 
tive order of the interactions being equal to two. The self-interactions of a 
single massless spin-2 field have been extensively studied in the literature 
and are known to lead to the Einstein-Hilbert action with a cosmological 
term. We will mainly focus on the cross- couplings, i.e. on the interactions 
that mix the fields t^^\a/3 and h^^, and will not insist on the cohomological 
construction of the Einstein-Hilbert action with a cosmological term, which 
can be found in detail in |25j . 
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6.1 Free model and accompanying BRST symmetry 

We start from a free action, written as the sum between ^ and the Pauh- 
Fierz action in D > 5 spacetime dimensions 

Ku] = 5o [W] + '^o''^ [V] ' (119) 

with 

- (d^h) (d^hx,) + i (d^h) id,h)^ , (120) 

where h^^ is symmetric and h denotes its trace. Action ()120j) is invariant 
under the abehan and irreducible gauge transformations 

S,hp^ = 9(^e^). (121) 

The presence of the gauge transformations ()121|) shows that the functions 
that define the field equations of the Pauli-Fierz action 

roPF 

Jj^ - -2^.^ - (122) 
are not all independent, but satisfy the Noether identities 

d^H^, = 0. (123) 
In the above, H^^, represents the linearized Einstein tensor 

Hpu = K^, - ^a^^K, H^, = H,^, (124) 

with K^i, the linearized Ricci tensor and K the linearized scalar curvature, 
which are defined with the help of the linearized Riemann tensor 

K^u\al3 = {df,daKf3 - dydah^p - d^dpKa + dydph^o) (125) 

via its simple and respectively double trace K^j^^ = K°'^^^^, K = K^^. The 
linearized Riemann tensor K^j,\ai3 exhibits the same symmetries and satisfies 
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the same identity © as the tensor field t^^^a/s, but in addition fulfills the 
Bianchi II identity 

d[xK^,]l^p = 0. (126) 

The most general gauge invariant objects that can be constructed from h^^^ 
are the linearized Riemann tensor K^y\a(3 and its spacetime derivatives. The 
Pauli-Fierz action alone describes a free gauge theory of Cauchy order equal 
to two, so the Cauchy order of the theory (|119|) is equal to three. 

The main features of the Pauli-Fierz theory can be understood in an el- 
egant fashion via the generalized differential complex ^2 {M) introduced in 
Section 121 An interesting result refers to the generalized cohomology of d on 
0,2 {M)-, where M. has the trivial topology of M'^, combined with the oper- 
ation of generalized Hodge duality. Let us consider a symmetric, covariant 
tensor field H^^" , subject to the equation 

= 0. (127) 

Then, there exists a tensor f)/^"!*^^ with the mixed symmetry of the linearized 
Riemann tensor, such that 

if/^- = d^dp^^'^^''^ + ca^^ (128) 

with c an arbitrary real constant. The above statement can be easily veri- 
fied with respect to the linearized Einstein tensor ()124j) . which satisfies the 
Noether identity ()123|) and can indeed be written in the form ()128|) for c = 

i/M^ = (129) 
where the corresponding $'^'^1'^^ reads as 

-h'^'^a^"' + (a'^V"'^ - h) . (130) 

The overall BRST complex comprises the ERST generators introduced in 
Section 121 and associated with the theory (^, as well as the Pauli-Fierz field 
h^v, the fermionic ghost rj^ corresponding to the gauge invariances of (|12U|) . 
together with the antifields h*'^'^ and t]*^ from the Pauli-Fierz sector. The 
BRST differential of the entire free gauge theory splits like in ()41|) . where 
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the actions of 7 and S on the former BRST generators are expressed by the 
formulas (|46H5U|) . while on the latter ones are defined by 



^h*^"' = = 777*'^, (132) 
= = 6r]f„ (133) 
5h*f"' = 2H^^, 6r]*f' = -2d^h*''^'. (134) 



The pure ghost number and antighost number of the BRST generators can 
partially be found in ()42fBK|l . while for the Pauli-Fierz field/ghost /ant ifield 
sector are given below 

pgh (V) = 0, pgh {r^,) = 1, pgh {h*n = = pgh {r^*^) , (135) 
agh (V) = = agh [r]^) , agh {h*^"") = 1, agh (r^*^) = 2. (136) 

In agreement with the general line of the antifield-BRST method, the free 
BRST differential s for the theory (jll9|) is canonically generated in the an- 
tibracket (s- = {-,3)) by the solution to the master equation {S,S) = 0, 
which in our case has the form 

S = S' + 5^ (137) 
where 5* is given by the right-hand side of (j52j) and 

5^ = ^0^^ [V] + j d^'x h*^^''d^,r],). (138) 

6.2 First-order deformations: H (7) and H {6\d) 

In order to determine the solution to the local first-order deformation equa- 
tion (j3Hj) . we proceed like in Sectional namely, we expand the non-integrated 
density according to the antighost number as in ()59|) and solve the equivalent 
tower of equations, given by and (|MHB^ . It is convenient to split the 
first-order deformation into 

a = a^-^' + a*-* + a^-\ (139) 

where a^~^ denotes the part responsible for the self-interactions of the Pauli- 
Fierz field, a*~* is related to the deformations of the tensor field t^^\ai3, and 
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^h-t signifies the component that describes only the cross-interactions be- 
tween hfj^i, and t^^\ai3. Then, a^~^ is completely known (for a detailed analysis, 
see for instance ^Ej^) 

a^-^ = a^-^ + a\-^ + a^-^, (140) 

where 

= r7*^r/°9^r/„ (141) 

a?-' = -/i^'^'^r/" {d,K^ + d,h,^ - 9, V) , (142) 

and a!^~^ is the cubic vertex of the Einstein-Hilbert Lagrangian plus a cosmo- 
logical term. The piece a*~* has been computed in the previous section and 
is given by the right-hand side of the formula (jll6|) . Inserting (|139p in (|58|) 
and using the fact that the first two components already obey the equations 

sa^-h = d^u^", sa'-' = d^v^", (143) 

it follows that only a^~* is unknown, being subject to the equation 

sa^-t = d^w^". (144) 

If we develop a^~^ according to the antighost number 

k=0 

(the expansion ()145|) can be assumed, like in the previous section, to end at 
a finite value of the antighost number, once we require that aj}"* is local), 
then (jl44j) is equivalent to the tower of equations'^ 

7a^-* = 0, (146) 

Sa)-^ + ia)z\ = d^, V^'', (147) 

+ Tflfcli = ^y^'', / - 1 > A; > 1, (148) 

f(kf\ f{kf\ 
where I w 1 are some local currents, with agh \ w \ = k. 

{i)^ __ 

The fact that it is possible to replace the equation 70^-* = w with jni can be 

done like in the proof of Corollary 3.1 from \'27\ . 
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The equation (jl46|) shows that a^"* G -f^ (7), such that on the one hand its 
solution is unique up to trivial (7-exact) contributions, a^~* a^"* + 76^"*, 
and on the other hand every purely 7-exact solution a^"* = 76^^* can be 
taken to vanish, a^"* = 0. In order to infer the general solution to this 
equation, we initially examine the structure of H (7) . To this end, from ()48|] 
and (jl32j) we observe that all the antifields 

and their spacetime derivatives belong to (7). Meanwhile, the definition 
fl4fi|l and the first relation in the formula (jlHlll yield the most general 7 -closed 
(and obviously non-trivial) objects constructed from the original tensor fields 
as the curvature tensor (|T^. the linearized Riemann tensor ()125|) . and their 
derivatives. Consequently, (7) is spanned by arbitrary polynomials in 
to"*®, Ffj_^x\ai3'y, K^^\ai3 and their derivatives. From (HSH), we observe that 
the undifferentiated Pauli-Fierz ghosts 77^ and their antisymmetric first-order 
derivatives d[^T]i,] belong to -^(7), while the symmetric part of their first- 
order derivatives is 7-exact (see the former relation in ()131|) ). and so are all 
their second- and higher-order derivatives since 

dadfsVf, = ^7 {d{ahp)^ - d^Kp) . (150) 

We have shown in Section El that the other set of pure ghost number one 
ghosts, related to the tensor field t^y\ai3, brings no contribution to -ff (7). 
In conclusion, the presence of the Pauli-Fierz field enriches the cohomology 
of 7, which is no longer trivial at odd pure ghost numbers, as it happened 
in the case of the tensor field t^y\ai3 alone. Regarding the ghosts of pure 
ghost number equal to two, we have seen in the previous section that the 
only combinations in H (7) constructed from them are polynomials in C^y 
and d[^j_Cu]a- Thus, the general solution to ()146|1 is expressed (up to 7-exact 
objects) by 

(151) 

for / > 0, where the 7-invariant coefficients * are subject to the conditions 
agh = I and pgh = 0, while the symbol cu^ stands for a generic 

notation of the elements with pure ghost number equal to / of a basis of 
polynomials in the corresponding ghosts and their antisymmetric first-order 
derivatives. In addition, every term in a^"* must contain at least one element 
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from each of the two theories in order to provide effective cross-interactions. 
As they have a bounded number of derivatives, the quantities a^"* are in fact 
polynomials in the antifields, in the curvature tensor ()13|) . in the linearized 
Riemann tensor, and in all their derivatives. They represent the most general 
non-trivial elements from H (7) at pure ghost number zero and will again be 
called "invariant polynomials" (for the larger free gauge theory (jll9|) . subject 
to the gauge symmetries Q and 

Substituting the solution ()15H) into the next equation, namely ()147|) . 
and taking into account the definitions (^HHSni) and ()131H134j) . we obtain 
that a necessary condition for the equation ()147p to possess (non-trivial) 
solutions with respect to a^Z\ for / > is that the invariant polynomials 
a;j~* appearing in ()151|) are non-trivial elements from Hi (5|(i), 5q^~^ = d^k'^. 
Taking into account the fact that the maximum Cauchy order of the free 
gauge theory (jll9|) is equal to three, we have that j2Sl 

Hk i5\d) = 0, k>3. (152) 

Meantime, it remains valid the result that if the invariant polynomial a^^* 
is trivial in Hj^ {^\d) for k > 3, then it can be chosen to be trivial also in 
i?™^ {S\dY, which combined with ()152p allows us to state that 

H'^- {6\d) = 0, k>3, (153) 

where if™^ {S\d) denotes, just like before, the local cohomology group of the 
Koszul-Tate differential at antighost number k in the space of invariant poly- 
nomials. On account of the definitions (jSUj) and ()134|) . we are able to identify 
the non-trivial representatives of {H^ (5|c?))fc>2, as well as of (i?™^ {S\d))^^^, 
under the form 

, non — trivial representatives 
spanning Hki6\d) and 
k> 3 none . (154) 

k = 3 C*'"' 
k = 2 ^*Mo'^j^*i^ 

We will exclude, as we did before, all non-trivial elements from H {5\d) and 
if'"^ {5\d) at strictly positive antighost numbers that involve the spacetime 

•^Thc proof can be realized in the same manner like Theorem 4.1 from 27 , with the 
precaution to include in an appropriate manner the dependence on the Pauli-Fierz sector. 
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co-ordinates, as they would result in interactions with broken Poincare in- 
variance. As for the cohomological group Hi {5\d), its determination is a 
difficult task, but we will solve the deformation equations without explicitly 
computing it. 

Like in the case of the tensor field t^y\ai3 alone, the cohomology groups 
Hk {5\d) and if™^ at strictly positive antighost numbers give us infor- 
mation on the obstructions to remove the antifields from the first-order defor- 
mation. As a consequence of the result p53|) . we can eliminate all the terms 
with > 3 from the expansion ()145p by adding to it only trivial pieces, 
and thus work with / < 3. This can be done in principle like in Section 
5 from j27j, up to the following observations: (1) the cohomological spaces 
(7))^^^ are no longer trivial; (2) the operator D should be extended 
to the Pauli-Fierz ghost sector like in the Appendix A.l from fI^. The last 
representative of (jl45p is of the type (jl51|) . with the corresponding invariant 
polynomials necessarily non-trivial in if™^ {S\d) for = 2, 3, and respectively 
in Hi {6\d) for / = 1. 

6.3 The case 7 = 3 

In view of the above considerations we can assume that the expansion (jl45|) 
stops at antighost number three (/ = 3) 

a^-t = a^-^ + a\-' + + 4^*, (155) 

where 03"* is of the form for / = 3. At this point we enforce the 

assumption on the maximum derivative order of the corresponding Oq"* to 
be equal to two. Using the result that the most general representative of 
i/^^ {5\d) is the undifferentiated antifield C*"^ (see (ITHl|l for k = 3) and 
that the elements of pure ghost number three that fulfill the condition on the 
maximum derivative order are given by 

{v^^V^yVp, Vt^Vud[pVx],Cf,^r]p, Cp^d[prix],d[f,C^]prix) , (156) 

we can write down that the general solution to the equation (jl46|) for / = 3 
like 

a^-' = C*'"^ [fia^Vf^VuVp + fZt^pVudipTix] + QiZCpuVp 

+92Z^Cp^dipr]x] + 9Taf9[pC^^pT]>}j + 763, (157) 
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where all the coefficients of the type / and g are required to be non-derivative 
constants. Combining this result with the symmetries of the various coeffi- 
cients due to the corresponding symmetries of the antifield and of the ghosts, 
we remain with the following independent possibilities in D > 5 spacetime 
dimensions: 

4-t = a«^-* + 4^)'^-* + af'^-*, (158) 



where 
in D = 5 

in D = Q 



(i)h-t ^ ^ap^up^*^^ {c,v,V.Vp + diC,.Vp) + 74'^ (159) 



(2)h-t 



in all D>5^ 

(3)h-t 



«3 



+45[aC^]X + d,d[pC^^f,r]P) + 76f . (161) 



In the above all and dn are real constants. Obviously, since ajj"* is subject 
to the equation ()147|) for / = 3 and the components p59H16lj) are mutually 
independent, it follows that each of them must separately fulfill such an 
equation, i.e., 

Sa^^""-' = -^af"-' + ^ = 1, 2, 3. (162) 

By computing the action of 5 on {a{^^ * ) and using the definitions (ITfl) 

V / 1=1,2,3 

and p3H) . we infer that none of them can be written like in the right-hand 
side of (I162I1 . no matter what [h^i] we take in the right-hand side of 

V / 1=1,2,3 

()159H16l1) . such that we must set all the nine constants equal to zero 

= 0, m = 1, 2, 3, rf„ = 0, n = 1, 2, 3, 4, 5, 6, (163) 

and so Og"* = 0. 



^Another possible term in af^^ ' would be d-!C*'^^d^C J^rjp, but it is trivial since 

it can be written like 7 {^~^C*°'^ri^^^^rip^ ^ and thus we have discarded it from ag"' by 
putting dj — Q. 
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6.4 The case 1 = 2 

We pass to the next eligible value (/ = 2) and write that 

a^^-t = a^'' + a\-' + 4"*. (164) 

Repeating the reasoning developed in the above, we obtain that a^~^ is, up to 
trivial, 7-exact contributions, of the form pSlj) for 1 = 2, with the elements 
of pure ghost number two obeying the assumption on the maximum number 
of derivatives from the corresponding Oq"* being equal to two expressed by 

{v,iVu,vA'^Vp],Cf,^,d[f,C^]p) . (165) 

Using the fact that the general representative of if™^ {^\d) is spanned in 
this situation by the undifferentiated antifields r/*°'^li' and 1]*°' (see ()154|) for 
A; = 2), to which we add the requirement that 03"* comprises only terms that 
effectively mix the ghost/antifield sectors of the starting free theories, and 
combining these with , we obtain that 

4-t ^ v*'-'^'' {gZ,,V,Vu + gZMuVp]) (166) 

where the coefficients denoted by g are imposed to be non-derivative con- 
stants. Taking into account the identity r^*[°^li'] = and the hypothesis that 
we work only in D > 5 spacetime dimensions, we arrive at'' 

= ^^V^'-'^'d^aVPlV, + jV*'''^A»V,]V' + ih. (167) 

We will analyse these terms separately. The first one leads to non-vanishing 
components of antighost number one and respectively zero as solutions to 
the equations 

(1)'' (0)'' 

64'-' + 7af-* = d^w' , 5af-* + -fa'^-' = d^w' , (168) 
where we made the notation 

= ^V*''^^'d[^Vp]V,- (169) 
^The possibility c"'ri*"'d[a C was excluded from ' as it is trivial, being equal to 
7 ^?7*"?7c^|''^ 7 such that it can be removed from ' by choosing c'" ~ 0. 
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Indeed, straightforward calculations output 

- (d^Kfi - dyh^,p) r]a - (dahp^ - dpK^) rj^) , (170) 
^/h-t ^ c'^^p ^^^^^^^ _ ^^^^^^^ ^ ^^^^^ 

o 

where the tensor T^'^^"-^ is given in ((7j). In consequence, we obtained a possible 
form of the first-order deformation for the cross-interactions between the 
Pauli-Fierz theory and the tensor field t^y\ap like 

a"'-' = a'^-' + a'^-' + a'^~\ (172) 

where the quantities in the right-hand side of ()172|1 are expressed by ()169l - 
11711) . However, a"^~* is trivial in the context of the overall non-integrated 
density a*^"* of the first-order deformation in the sense that it is in a trivial 
class of the local cohomology of the free BRST differential {s\d). Indeed, 
one can check that it can be put in a s-exact modulo d form 

_^ht*^.u\ap (^^^^^^ _ h^^h^^)^ + (173) 

and so it can be eliminated from a^~^ by setting 

c' = 0. (174) 

The second piece in (jl67p . which is clearly non-trivial, appears to be 
more interesting. Indeed, let us fix the trivial (7-exact) contribution from 
the right-hand side of p67p to 

c" 

h = —V*" pha^v'', (175) 
which is equivalent to starting from 

af = c'V^^I (9«r/,) r^'^. (176) 
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Then, it yields the component of antighost one as solution to the equation 
(5af + 7af ~* = w" in the form 

af = 2c"t*^^^ {d^K^ + d^h,^ - 9a V) (177) 

where the notation 1*^°" is explained in (|4Uj) . Next, we pass to the equation 

5a'[''-' + ^at~' = d^w" , (178) 

where 

^af = -^T'^" {d^Kx + 5„/i^A - dxK^) r]\ (179) 

with T'^" given in (jH)). In the sequel we will show that there are no solutions to 
fll78|) . Our procedure goes as follows. Suppose that there exist solutions a'p*"* 
to the equation ()178j) . Using the formula p79|l . it follows that such an a'^^~^ 
must be linear in the tensor field t^y\ai3, quadratic in the Pauli-Fierz field, 
and second-order in the derivatives. Integrating by parts in the corresponding 
functional constructed from Oq"^"* allows us to move the derivatives such as 
to act only on the Pauli-Fierz fields, and therefore to work with 

a(;h-t _ ^//^MH"/3aJj;^|^^ i^hQQh^ QhQh^ ^ (180) 

where the above notation signifies that o^l^^^p is a linear combination of the 
generic polynomials between parentheses (with the mixed symmetry of the 
tensor field t^u\a(3)- By direct computation we get that 

7af = 9'' (4c"r/"'3|^aJ-|„^) - Ac" ^'^^ a';Z\ap + d't^'^^'^'^a'^^l^^^, (181) 

where 

la'Xp = ^Map (hdddv, dhddr,, ddhdv) , (182) 

with 7] a generic notation for the Pauli-Fierz ghost ?7^. As 5a'l^^^ contains no 
ghosts from the t^i,|Q,/3-sector, we require that 700'^"* obeys the property 

d^alX^{hddh,dhdh)=0, (183) 

such that 

7ar* = {Ac'Y'^'al:^^^) + c"t^''^^Vl:iap- (184) 
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Simple calculations in (|179p give 



5af -* = 9X + c"t''^'°^&)i:i|«/3 {dhddT], ddhdT], 7]dddh) . (185) 

Inserting p84H185j) in (jl78p and observing that only &J^^|q,^ contains terms 
that are third-order in the derivatives of the Pauli-Fierz fields, we conclude 
that the existence of Oq^"* is completely dictated by the behaviour of 

More precisely, flo"^"* exists if and only if the part of the type r]dddh from 
vanishes identically and/or can be written like the 5- variation of some- 
thing like dh*tri. Direct computation produces the part from of order 
three in the derivatives of the Pauli-Fierz fields in the form 

-^<ypu(^af, {d^d^hp^ - Uh) + dpd^Kp 

+ (a < — > < — > v) 

— (/? < — > a, jj, ji,u u) 

— > v,a ^ a,(3 ^ 13)) , (186) 

and it neither vanishes identically nor is proportional with 5 (<9a/i*^), as it 
can be observed from the expression ()124p of the functions that define the 
field equations for the Pauli-Fierz field. The rest of the terms from ()186p 
are obtained from the first ones by making the indicated index-changes. In 
conclusion, we must also take 

c" = (187) 

in (IT7H1) . so 4"* = 0. 
6.5 The case 1=1 

Now, we analyse the next possibility, namely / = 1 in (jl45j) 

a^-^ = a^-' + a^-t, (188) 

where a\~^ must be searched among the non-trivial solutions to the equation 
70^^"* = 0, which are offered by 

= ( , [h*n , [F'.uMap,] , [K,u\ap] ) uj' {v„ di,vu]) , (189) 
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where the elements of pure ghost number one are 

(190) 

On the one hand, the assumption on the maximum derivative order of the 
interacting Lagrangian being equal to two prevents the coefficients a^'^ to 
depend on either the curvature tensors or their spacetime derivatives. On the 
other hand, a\~^ can involve only the antifields t*^'^^°'^ and their spacetime 
derivatives, because otherwise, as uj^ includes only the Pauli-Fierz ghosts, 
it would not lead to cross-interactions between the fields t^y\ai3 and h^j^^. 
Moving in addition the derivatives from these antifields such as to act only 
on the elements (jl9Up from a^~^ and relying again on the assumption on the 
maximum derivative order, we eventually remain with one possibility^ (up 
to 7-exact quantities) 

= At*''^d[,Vf^] = 0, (191) 

which vanishes identically due to the symmetry property in of the simple 
trace of the antifield t*^"'\°''^. 



6.6 The case / = 

As a\~^ in fjl9H) vanishes, we remain with one more case, namely where a^~* 
reduces to its antighost number zero piece 

a^-* = a^*([VM]JV]), (192) 
which is subject to the equation 

7a^* = d^w^. (193) 

As we have discussed in Sectional there are two types of solutions to ()193|) . 
The first one corresponds to w'^ = and is given by arbitrary polynomials 
that mix the curvature tensor (jl3|) and its spacetime derivatives with the 
linearized Riemann tensor p25|) and its derivatives, which are however ex- 
cluded from the condition on the maximum derivative order of afj"* (their 

*The identity t*^^"'\'^]f^ = forbids the appearance of solutions proportional with Levi- 
Civita symbols in any D > 5 dimension. 
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derivative order is at least four). The second one is associated with w'^ ^ 0, 
being understood that we discard the divergence-hke solutions ajj"* = d^z^ 
and preserve the maximum derivative-order restriction. Denoting the Euler- 
Lagrange derivatives of ajj"* by B^^^"-^ = 5a!^~^ / 5t^^\af} and respectively by 
D^"" = 5a^-ySh^^, and using the formula ()46p together with the first defini- 
tion in (jl31|) . the equation (jl93|) implies that 

^^^^^H"/3 = 0, df.D^"' = 0. (194) 

The tensors 5^^!"^ and D^"" are imposed to contain at most two derivatives 
and to have the mixed symmetry of t^i,\ai3 and respectively of h^^,. Meanwhile, 
they must yield a Lagrangian ajj"* that effectively couples the two sorts of 
fields, so B^"^"^ and D^" effectively depend on h^y and respectively on t^y\ai3. 
According to the considerations from Section El and Subsection 16.11 (see the 
formulas (jHSHSll) and (jl27H128|) ). the solutions to the equations (|194|) are of 
the type^ 

Xflh-t ^ r h-t 

_ ^^H«/3 = 5^5^<|mH"/37^ = = S^S^I.^"!'^^, (195) 



where ^i^'^p\°'f^'~i and <|)^"l'^^ depend only on the undifferentiated fields h^^ and 
tfiv\cx(} (otherwise, the corresponding Oq"* would be more than second-order in 
the derivatives), with ^i^'^p\°'P'y having the mixed symmetry of the curvature 
tensor F^'^p^"'^^ and $^"1'^^ that of the linearized Riemann tensor. From now 
on we proceed along the line employed in the Subsection 15.31 In view of 
this, we introduce a derivation on the algebra of non-integrated densities 
depending on t^y\ai3, h^^ and on their derivatives, that counts the powers of 
the fields and their derivatives 

n>0 \ 



^Thc solutions involving the constant tensors B^'^l"^ ~ (cr^^a'"'' - aP-f^a"") and D'^" ~ 
fft^f giyg cosmological terms and have already been considered in the above. They are not 
eligible anyway in the present context, which exclusively focuses on the cross-interactions 
between the two sorts of fields. 
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and observe that the action of on an arbitrary non-integrated density 

Nu = V|«/3TT^ + Vtt^ + (197) 

where Su/6t^u\ai3 and 6u/6hfj_i, denote the variational derivatives of u. In the 
case where -u is a homogeneous polynomial of order p > in the fields and 
their derivatives, we have that Nu = pu, and so 

u=-[ V|"/3t; + Vtt— + • 

As Og"* can always be decomposed as a sum of homogeneous polynomials of 
various orders, it is enough to analyze the equation p93|) for a fixed value of 
p. Putting u = Oq"* in ()198|1 and inserting in the associated relation, 

we can write 

= ^ {tHafsdA^'"''^''^^ + V^^^/s"^^"'"^) + d^.f''- (199) 

Integrating twice by parts in ()199p and recalling the mixed symmetries of 
^i^M^P-f and ^^'»\''(^^ we infer that 

a^-' = hF^upWp,^'"'^''^' + k2K^^\,p^^^\''^ + (200) 

with ki = l/9p and ^2 = —l/2p. By computing the action of 7 on (j200p and 
following a reasoning similar to that applied between the formulas ()103|) and 
pilj) . we obtain that p = 2 and 

a^-t = fc'T'^^V. (201) 

As the above ajj"* vanishes on the stationary surface © of the field equations 
for the tensor t^^^ai3, it is trivial in {s\d). Indeed, by direct computation 
we have that 

a^* = s (2k' (2t*^''h,^ + r/*"%) ) + d, (-8A;'t*'^"r/„) , (202) 
so it can be removed from the first-order deformation by choosing 

k' = 0. (203) 
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Putting together the results contained in this section, we can state that 
S^-' = and so 

= S^-^ + Sl-\ (204) 

where S^~^ is the first-order deformation of the solution to the master equa- 
tion for the Pauli-Fierz theory and Sl~^ is given in the right-hand side of 
()116p . The consistency of 5*1 at the second order in the coupling constant 
is governed by the equation dSTj), where (^i"^, 5^*) = = (5|"\5j~*), 
and thus we have that 5*2"* = = 5*2^*, while 5*2^^ is highly non-trivial 
and is known to describe the quartic vertex of the Einstein-Hilbert action, 
as well as the second-order contributions to the gauge transformations and 
to the associated non-abelian gauge algebra. The vanishing of Si~^ and 6*2"* 
further leads, via the equations that stipulate the higher-order deformation 
equations, to the result that actually 

S^-' = 0, k>l. (205) 

The main conclusion of this section is that, under the general conditions 
of smoothness, locality, Lorentz covariance and Poincare invariance of the de- 
formations, combined with the requirement that the interacting Lagrangian 
is at most second-order derivative, there are no consistent, non-trivial cross- 
couplings between the Pauli-Fierz field and the massless tensor field with the 
mixed symmetry of the Riemann tensor. The only pieces that can be added 
to the action (jll9p are given by the cosmological term for the tensor t^^\a0 
and, naturally, by the self-interactions of the Pauli-Fierz field, which produce 
the Einstein-Hilbert action, invariant under the diffeomorphisms. 



7 Interactions with matter fields 

In the final part of this paper we show that the massless tensor field with the 
mixed symmetry of the Riemann tensor cannot be coupled in a consistent, 
non-trivial manner to any matter theory such that the matter fields gain 
gauge transformations. Indeed, let us consider a generic matter theory 

^matt ^yi^ ^ j ^D^^ (^^y^^^^ ^ ^206) 

where the fields are assumed to have no non-trivial gauge symmetries. 
In this situation, the BRST differential for the action written as the sum 
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between and (|2(J6|) acts on the BRST generators according to (jiUH^ 
and respectively to 



71/' = 0, 71/* = 0, 5y' = 0, 5y* = 




(207) 



where 

pgh {y') = = pgh (y*) , agh {y') = 0, agh (y*) = 1, (208) 

and y* denote the antifields of the matter fields. The presence of the matter 
theory simply adds to H (7) discussed in Subsection 15.11 the dependence on 
y\ y* and their spacetime derivatives, which lie at pure ghost number zero, 
[?/*],[?/*] G if°(7), and therefore we still have that if^'"*"-^ (7) = 0. From 
()207p it is clear that the cross-interactions between the tensor field t^^\ai3 
and the matter fields y^ at the first order in the coupling constant can be 
produced just by a first-order deformation of the master equation that stops 
at antighost number one, a*"™^" = a*"™''" + a*-""^", where 70^""^" = 0. 
However, as (7) is trivial, this fact implies that a\'~^^^^ is trivial and 
consequently the matter fields cannot gain gauge invariance. We remain 
with the sole possibility that a*"™""" = ao"""^", with 700"™''** = d^q^, whose 
solutions, once we add the restriction on the maximum derivative order of 
the cross-couplings being equal to two, are spanned by polynomials that are 
simultaneously linear in the curvature tensor ()13|) and of any order in the 
undifferentiated matter fields. 



8 Conclusion 

The general conclusion of this paper is that the powerful reformulation of 
interactions in gauge theories in terms of the local BRST cohomology reveal 
that the massless tensor field with the mixed symmetry of the Riemann ten- 
sor admits no consistent self-interactions and, in the meantime, cannot be 
coupled in a consistent, non-trivial manner to the massless spin- two field, 
described in the free limit by the Pauli-Fierz theory. We also argued that 
the attempt to couple such a mixed symmetry-type tensor to purely matter 
theories produces no gauge transformations with respect to the matter field 
sector. Our analysis was constantly based on the assumptions that the result- 
ing deformations are smooth, local, Lorentz-covariant and Poincare-invariant 
and on the natural requirement that the maximum derivative order of the 
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interacting Lagrangian is equal to two. It is possible that the relaxation of 
the last condition yields non-trivial, consistent interactions, at least with the 
massless spin-two fields, in which case the first-order formulation ITij of 
such an tensor field would probably be a happier starting point. 
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